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Following recent theoretical results, it is suggested that positronium (Ps) might undergo spon- 
taneous oscillations between two 4D spacetime sheets whenever subjected to constant irrotational 
magnetic vector potentials. We show that these oscillations that would come together with o-Ps/p- 
Ps oscillations should have important consequences on Ps decay rates. Experimental setup and 
conditions are also suggested for demonstrating in non accelerator experiments this new invisible 
decay mode. 
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>— i I I. INTRODUCTION 

t> \ 

In recent years, there has been a renewed interest for Kaluza-Klein like scenarios suggesting that our usual spacetime 
could be just a slice of a larger dimensional manifold [l|, 0, d, 0, [E IE 0]- A huge number of papers have shown 
that by extending the number of dimensions, nice explanations of several physical phenomena can be found. The 
■^j- • hierarchy between the electroweak and the Planck scales, the dark matter origin or the cosmic acceleration can be thus 
t-H \ reasonably addressed in a multidimensional framework. Usually, those approaches perpetuate the tradition inherited 
from relativity by assuming that the whole universe behaves like a smooth continuum [l|, [H, S 0, B S 0j- However, 
there have been some recent attempts to develop models where the continuous extra dimensions are substituted by 
discrete dimensions @, HI, 03 EH, El, EH EH- ^ n those approaches, the extra-dimensions are replaced by a finite 
number of points and the whole universe can be seen as made up of a collection of 4D sheets. Besides keeping the 
physical richness of multidimensional spacetimes, such multi-sheeted approaches provide also a nice framework where 
the standard model may arise from pure geometry. For instance, it has been pointed out that ordinary gauge holds 
and Higgs field appear spontaneously in some non commutative models of spacetime 0, E3] • All these new physical 
and mathematical developments are of great interest as they offer new ways for a better understanding of the building 
blocks of our universe. 

To date, the physical forces have been accurately measured up to the weak scale distances. Since no divergence 
between experimental and theoretical results has been noted so far, any new physical effect arising from the existence 
of extra dimensions is actually severely constrained. As an illustration of this constraint, standard model particles 
are usually expected to be confined on a 4D space manifold without having any capability of moving throughout the 
bulk. Gravitation is the only interaction which is assumed to be able to connect adjacent spacetimes since otherwise 
causality and locality could be violated [1, 0). Nevertheless, this question is still an open issue that needs to be further 
clarified. For instance, in an attempt to circumvent the classical restrictions against particle motion through the bulk, 
some works have tried to extend the hypothetical graviton capability to the case of massive particles as well [!, [H, [f| . 
Along these lines, it was suggested that highly massive and energetic particles may acquire a non zero five momentum 
and escape from a 4-dimensional submanifold to propagate into the dimensionally extended bulk. 

Recently, at the crossroad of brane models and non commutative two-sheeted spacetimes, present authors have 
proposed to investigate the quantum behavior of massive fermions in a Mi x Z2 two-sheeted universe. It was su gge sted 
that particles of usual matter might leave our 4D spacetime and reach another distant 4D spacetime sheet [15|, ll6| . In 
the proposed framework, the particle dynamics was studied through two-sheeted extensions of the classical Dirac, Pauli 
and Schrodinger equations. Although the usual particle behavior was recovered in the new framework, the existence 
of a tiny geometrical coupling between the two sheets was shown to provide new interesting physics [lj| El] . As the 
most striking result, oscillations of massive particles between the two spacetime sheets were predicted. Accordingly, 
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particles could disappear from one sheet to reappear in the second one. During oscillations, many parameters (such 
as, for instance, baryonic and leptonic numbers or electric charge) as measured by a M4 observer are violated but 
they remain globally constant from a M4 x Z2 point of view. 

In Refs. and [l6|, it was shown that the conditions for reaching such transfer between both spacetime sheets 
are far from trivial. Application of very intense curl-free (irrotational) magnetic vector potentials was shown to be 
necessary 27]. It must be noted that although the result establishing the oscillations was derived for point like 
particles, it was inferred that the equations could be also valid for more complex particles li ke p rotons or neutrons 
for instance, the essential point being that the particle exhibits a non zero magnetic moment [l5l fl6|. 

To address the issue of whether quantum motions between two spacetime sheets are indeed possible, the present 
paper discusses the possibility of a controlled production of these oscillations in the case of positronium (Ps). This 
choice was dictated for two reasons. Firstly, positronium is at the heart of many experimental researches \1T\ , Il8l . 
Il9l . I20I l2~fl ] and secondly, there is already a wealth of papers suggesting that positronium could possibly exhibit an 
invisible decay [H, H3, EH • Since each model of invisible positronium decay possesses its own specific signature, it 
is expected that the experimental confirmation of such decay could give insights on the form and size of the extra 
dimension(s) [l^, 20, 211. The purpose of this paper is then to clarify how such a Ps invisible decay would looks like 
in a Mi x Z 2 two-sheeted spacetime as described in Refs. [15[ and |16j . 



II. MATHEMATICAL FRAMEWORK 

In Refs. [HI and [lfij . a model describing the quantum dynamics of matter particles in a two-sheeted spacetime was 
introduced. It formally corresponds to the product of a four continuous manifold times a discrete two points space, 
i.e. X = M4 x Zi. The model was built following two different approaches which are now briefly summarized. 
The former approach was mainly based on the work of Connes [1, , Viet and Wali [ll], [Tl] and relies on a non- 
commutative definition of the exterior derivative acting on the product manifold. Due to the specific geometrical 
structure on the discrete space, this operator is given by : 



D » = ( 0* 0„ ) ' M = O' 1 ' 2 ' 3 and D s = ( -g ) W 

Where the parameter g has the dimension of mass (in % = c = 1 units) and acts as a finite difference operator along 
the discrete dimension. In the model discussed in Ref. [l5[ and contrary to previous works Q, g was considered as 
a constant geometrical field (not the Higgs field). As a consequence a mass term was introduced and a two-sheeted 
Dirac equation was derived : 

w - m> * = (>t»d n .*)._( "fc - !7 ;«: „,)(£)-» w 

It can be noticed that by virtue of the two-sheeted structure of spacetime, the wave function ip of the fermion 
comprises two components located on different 4D sheets. Therefore in this model, any massive particles is in fact a 
five dimensional entity. Although this A/4 x Z2 derealization can be seen as a major drawback of the model, it was 
demonstrated that environmental interactions force the particle localization in one or the other sheet and act as a 
natural dimensional reduction mechanism [TH , [l6| . 

Obviously, the equation (2) can also be derived from the M4 x Z2 lagrangian L defined as 

L = V(i p-M)V (3) 

Where ^ = (?/>+,?/>_) is the two-sheeted adjoint spinor of and with -ip + and ^_ the adjoint spinors respectively of 
ip + and i/j—. 

Such a lagrangian can be also written into the following expended form 

L = -0 + (i JB — m) -0+ + V>- {i Jd — m) + igip+^ip-. + igip-j 5 4) + (4) 

At first sight, the doubling of the wave function can be seen as a reminiscence of the hidden-sector concept. While it 
is true that hidden sector models and present approach share several common points, it is equally true that they differ 
by the number of spacetime sheets they consider. For instance, the so-called Mirror matter approach, considers only 
one 4D manifold and justifies for the left/right parity by introducing new internal degrees of freedom to particles (see 
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for instance Ref. [22|]). In the present work, it can be noted that the number of particle families remains unchanged 
but the particles have now access granted to two distinct 4D spacetime sheets. 

To be consistent with the new framework the usual U(l) gauge field must be substituted by an extended U(1)®U(1) 
gauge relevant for the discrete structure of the universe. In addition, each sheet possesses its own current and 
charge density distribution as source of the electromagnetic field. The most general form for the new gauge (to be 
incorporated within the two-sheeted Dirac equation such that 1} — ► If + 4) is then defined by (see also Refs. [13| and 
[l4| where such a gauge was also considered) 



7 5 X f 



7 5 X 



(5) 



On the two sheets live then the distinct A + and A_ fields. In the present model, the component \ cannot be 
associated to the usual Higgs field encountered in GSW model. An obvious consequence of this off-diagonal term 
X is to couple the photons fields of the two sheets. Since this term introduces major complications unless to be 
weak enough compared to A± (most notably it leads to unusual transformation laws of the electromagnetic field 
which arc difficult to reconcile with observations) it is logical to set \ — 0- The electromagnetic fields of both sheets 
are then completely decoupled and each sheet is endowed with its own electromagnetic structure. Note that the 
another consequence of having x 7^ is to couple each charged particle with the electromagnetic fields of both sheets, 
irrespective of the localization of this particle in the discrete space. For instance a particle of charge e localized in the 
"+" sheet would have been sensitive to the electromagnetic field of the "— " sheet with an effective charge ee (e < 1). 
This kind of exotic interactions has been considered previously in literature within the framework of mirror matter 
paradigm and is not covered by the present paper [23|, H3] . Another noticeable consequence of considering \ — is 
that the photons fields are now totally trapped in their original sheets : photons belonging to a given sheet are not 
able to go into the other sheet (and as a consequence, structures belonging to a given sheet are invisible from the 
perspective of an observer located in the other sheet). The classical gauge field transformation which reads 



A' = A, 



(6) 



can now be easily extended in the Z2 five dimensional framework using Eq. (5). To be consistent with the above 
hypothesis (notably % = 0), it can be shown that the gauge transformation is degenerated and reduced to a single 
e lqA which must be applied to both sheets simultaneously [16J . By setting \ = and by considering the same gauge 
transformation in the two sheets we can get photons fields A± which behave independently from each other and in 
accordance with observations [HI, [l6j| . 

After introducing the gauge field into the Z2 Dirac equation and taking the non relativistic limit (following the 
standard procedure) , a two-sheeted Pauli like equation can be derived 



HI*) 



(7) 



with I*) 



1^ 



, where \ip+) and \ip—} correspond to the wave functions in the (+) and (— ) sheets respectively. 



The Hamiltonian H involves different contributions [TH [IB] > listed below (using now natural units) 
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H, 



a Bj 








(9) 



H„ 



V+ 
V- 



(10) 



H cm = igjg s ^- 



cr-{A+-A_} 

-cr-{A+-A_} 



(11) 
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h c = — n : 12 

to [ u i 

where the first three terms, i.e. H^, H m and H p , are reminiscent of the terms found in the classical Pauli equation 
in presence of an electromagnetic field. A + and A_ denote the magnetic potential vectors in the sheet (+) and (-) 
respectively. The same convention is used for the magnetic fields. relates to the kinetic part and includes the 
vector potential, H m is the coupling term between the magnetic field and the magnetic moment of the particle g s \x 
where g s is the gyromagnetic factor and H p the coulomb term. In addition to these "classical" terms, the hamiltonian 
comprises also a specific term involving an "electromagnetic coupling" between the two sheets. Note that this coupling 
H cm arises through the magnetic vector potential and the magnetic moment only. For an electron, it can be shown 
that 7 = 1 though it is clear that it could differ slightly from unity due to QED corrections in the case of composite 
particles like proton or neutron (l6j . It can be noted that H c is a simple constant term which can be obviously 
eliminated through an appropriate rescaling of the energy. The exact physical meaning of this term shall not be 
discussed here. In the model, g is the coupling constant between the two sheets. <7 _1 is simply the distance between 
the two sheets [H, [l6[ . 

The second approach developed in Ref. [IB ] starts from the usual covariant Dirac equation in 5D. Assuming a discrete 
structure of the discrete space with two four dimensional submanifolds requires to substitute the extra dimensional 
derivative by a finite difference counterpart defined as 

(d 5 v)± = ±<?W>+ - 4>-) (13) 

Then as previously for the non-commutative approach, the Dirac equation breaks down into a set of two coupled 
differential equations similar to Eq. (2) [161] . After introducing electromagnetic fields into the model and taking the 
non relativistic limit, it was shown that the two-sheeted Pauli's equation takes the same form than Eq. (7) to (12) 
except for the H c term 



g 2 h 2 



H, 



1 -1 
— I I 



(14) 



By contrast to the previous H c term, this new one cannot be made vanishing through a simple rescaling of the 
energy scale. The off diagonal part of H c was demonstrated to be responsible of particle oscillations between the two 
spacetime sheets, even in the case of a free particle [HI]. Nevertheless, as explained in Ref.[l6j, H c can be neglected, 
in a first approximation, in comparison with H cm since it is proportional to g 2 , an obvious tiny value in order for 
the model to be consistent with known experimental results. As a consequence the classical finite difference [l6[ 
and the non commutative [l5j approaches of the two-sheeted spacetime predict almost the same physics. The only 
difference arises from the presence of this tiny coupling term H c in the finite difference approach. In this paper we 
will concentrate mainly on the coupling term H cm proportional to g which is expected to impart most of the new 
physics contained in both models [15|, [lj| . 

III. INVISIBLE POSITRONIUM DECAY IN A TWO-SHEETED SPACETIME 

To illustrate how the two-sheeted geometrical structure of spacetime governs the quantum behavior of particles, 
let us examine its effects on the Ps decay processes. At the fundamental state 15* (about —6.8 eV), Ps exists in two 
forms. The first form l 3 Si called ortho-positronium (o-Ps), corresponds to parallel orientation of electron and positon 
spins. The second form 1 <So or para-positronium (p-Ps), corresponds to antiparallel spins states. O-Ps decay time is 
about 1,4- f 0~ 7 s with an emission of three photons whereas p-Ps decay time is about I, 25 • I0~ 10 s with an emission 
of two photons. Besides, the hyperfine structure interval of positronium (l 3 5i — > l 1 5o ) is about 8.4f • 10 -4 eV (i.e . 
~ 203.39 GHz) (UGH]- Following the standard description of Ps, the o-Ps wave function can be expressed as [I?], Hf| 

l^>=be(T)>®MT)} ( 15 ) 

hM = lve(i)>®IMi)) (is) 

|Vo) = (1/V2) {\ Ve (t)) ® \<p p (4)) + \ip e (I)) ® \<f p (T)» (17) 
and similarly for the p-Ps wave function, we have 

M = (1/V2) {|^ e (T)) ® \<p p (4)) - \ife (I)) ® Wp (T))} (18) 
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where \ip e (|)) and \ip p (|)) relate to the wave functions of the electron and positon respectively both taking into 
account the spin state. 

We now consider the influence of a constant irrotational magnetic vector potential A located in our own spacetime 
sheet (arbitrarily taken to be the (+) sheet). For reasons explained before, let us also neglect all other terms in the 
Hamiltonian except the coupling 



W 



u p ] -A 



[a e -a p ] A 




(19) 



Note that this term is simply the sum of two H cm hamiltonian operators corresponding to the contributions of the 
electron and the positon. The minus sign arises from the opposite magnetic moment of these particles. 
Choosing A ~Ae z for instance and noticing that 



<T 2 , p ] |^o> = 2 |-0> 



(20) 



Wz,e -<Tz,p] \tp) = 2 |Vo> 



and 



[<?z,e ~ Vz,p] \lp±l) = 

one can see that the only states connected through the term (19) are of the form 



and 



l*o> 



I*) 



IV>o> 








such that the corresponding matrix terms of W take the form 

(*|W|* > = -igigs^hA 



(21) 
(22) 

(23) 

(24) 
(25) 



We now look for a solution of the form 

= a {t)e- lEat/h |* > + a p {t)e~ iE ^l n 



(26) 



(27) 



with \$>(t = 0)) = l^o)- Putting Eq. (27) into the Schrodingcr equation leads to the following system of coupled 
differential equations 



— a = na p e tuJot - T o a 
at 



(28) 



dt 



a p = -Ka e Wat - T p a p 



(29) 



with k = gjgs^iA. 

Note that the decay constants T a and T p have been conveniently introduced in the equations in agreement with 
the known lifetime of the Ps states, i.e. T <~ 3.57 • 10 6 s _1 and r p <~ 4 • 10 9 s _1 . In addition we set uo = (E — 
E p )/h <~ 1.28 • 10 12 s _1 corresponding to the hyperfine structure interval of Ps. The solution of the above system is 
straightforward 

a = -L e -(V2)(ro+r P )t ^ _ Tp + ILUq) + 2a) e -*t _ ^ _ Tp + ^ _ 2(j) e<rt ] e (i/2 )wo t (30) 




b/b„ 



FIG. 1: Theoretical decay rate of o-Ps under the influence of an irrotational constant magnetic vector potential. 
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(J = ^ V ( r ° - T p + iuj ) 2 - An 2 



(31) 



(32) 



A first interesting case to be considered is the one where T Q and T p are both equal to zero (the natural decay processes 
are not taken into account). Then, it can be shown that 



= — sin gt 



(33) 



and | ao 1 2 = 1 — l a p| 2 j with p = (l/2)-y/wo 2 + 4k 2 . 

This term simply relates to the probability of finding the Ps in the second spacetime sheet at time t. Clearly, Ps 
oscillates between the two sheets. The average probability of finding the Ps in the second sheet is simply given by 
k 2 /2p 2 . Since Ps was assumed to be in a o-Ps state in the first sheet, it is clear that the larger k 2 /2p 2 is, the larger 
is the probability for an invisible decay with a p-Ps state in the second sheet. To get an experimental confirmation 
of this result, it will be interesting to achieve experimental conditions such that k 3> uj /2. Let us now return to the 
more general case including natural decay modes also. We are now going to calculate the whole decay rate T. The 
probabilities for each Ps state, P — |&o| and P p — |a p | 2 allow to define the Ps decay probability P = 1 — P — P p . 
The related distribution function for the decay probability is f(t) = (d/dt)P such that the Ps lifetime is then given 



by t = J Q tf(t)dt and the decay rate by T — (l/2)r 1 . Using Eq. (30) and Eq. (31), T can be easily derived 



r = 



(r 



T p ) 2 (n 2 



r r p ) 



r T p u> 2 



2k 2 {T + T p ) + T p ((T + r p ) 2 + uo 2 ) 
Reminding that ljq 3> T p > T , the above solution can be approximated with a very good accuracy by 

r = r G (i - (i/2)(i + v 2 )- 2 ) + (i/2)r p (i + v 2 )- 1 



(34) 



(35) 



where r\ = ujq / (n^/2) . The following substitution rj = bo/b with b = gA and &o = u>om e / '(e\/2) , appears to be 
convenient for displaying the solution since the actual value of g is presently unknown. Note that b has the dimension 
of a magnetic field like bo- In the present case b ~ 5.14 T. From Eq. (35), the interpretation of the global decay rate 
can be made quite easily. The first term corresponds to the decay rate of the o-Ps in our spacetime sheet, i.e. 



r( -Ps - 37) - r Q (i - (i/2)(i + v 2 )- 2 ) 



(36) 



The second term relates to the decay rate of the p-Ps after its conversion from o-Ps to p-Ps right after its "jump" 
in the second sheet (and seen from the perspective of an observer living in the second spacetime sheet) 



r(o-p s - p-Ps' -» 2Y) = (i/2)r p (i + ify 



(37) 



1Q . 4 r | | ■ i 

10" 1 10° 10 1 10 2 1 3 1 0" 10 5 10 6 
Intensity (A) 

FIG. 2: Measurable coupling constant vs current intensity for various apparatus sensitivities. 

From an experimental point of view, our results suggest that an o-Ps population in a constant irrotational vector 
potential should present an abnormal decay rate according to Eq. (36) (see Fig.l). A noticeable point is that one 
should observe a decreasing photon production rate as the magnetic potential increases, such a behavior being related 
to the p-Ps invisible decay in the second sheet. 

It must be pointed out that these results remain unchanged if the initial o-Ps state is substituted by a p-Ps state 
(except for a permutation of the r o and T p terms in expressions (34) and (35) respectively). 

In previous works [l5l [l6| , it was mentioned that a constant irrotational potential A could be achieved in a hollow 
conducting cylinder with a constant current flow I inside. For such a configuration, we get typically A ~ hqI [28| . 
So, for a specific decay rate T, we can expect to measure the variation Ar of the decay as A, i.e. I varies. For the 
proposed experimental setup, the sensitivity of the apparatus AT/T would thus be simply related to the current value 
circulating in the cylinder shell. The figure 2 shows the value of the coupling constant we can thus expect to measure 
for different achievable intensities (29| . Reciprocally, since the value of the coupling constant is presently unknown, 
the current required to produce vector potentials allowing particle oscillations can be hardly estimated. However, it 
is very likely that the required intensities are above the present technology capabilities. 

In Ref. [23j dealing with mirror matter, a mixing between o-Ps and mirror o-Ps was also suggested. However the 
model treated in this paper [23[ is different from that considered in this work in several aspects. First, this paper [23| 
does not localize mirror matter on a distinct spacetime sheet. Secondly, it considers that the mixing between both 
worlds occurs through a photon/mirror photon kinetic mixing (gravitation also is assumed to mediate interactions 
between matter and mirror matter but it is not relevant in the present discussion). Typically, this mixing is then 
given by the Lagrangian [23[ 

L = -eF^F^ (38) 

with e the coupling strength. Considering matter/mirror matter quantum electrodynamics with this coupling term 
shows that oscillations of o-Ps into mirror o-Ps effectively occur in a vacuum experiment. The result is an apparent 
invisible decay similar to that proposed in the present paper. Nevertheless, it must be stressed that an obvious advan- 
tage of the two-sheeted structure discussed presently is to demonstrate the existence of oscillations without recourse 
to a photon/mirror photon kinetic mixing (thus keeping safe the usual electromagnetic laws). Most important, our 
model suggests a way to artificially modify the decay rate of positronium. At present time, the possible experimental 
signals for the existence of extra-dimensions are limited. They rely mainly on the observation of deviations from the 
inverse square law of gravity or spectrum determination of Kaluza-Klein tower states. The two-sheeted spacetime 
paradigm suggests a new possibility involving usual matter particles oscillations between adjacent 4D sheets. An 
artificial control of the positronium decay rate by using a device similar to that proposed in this paper should clearly 
be investigated. If an abnormal decay rate could indeed be noticed by applying an irrotational magnetic potential 
onto Ps, then it could reveal the existence of another spacetime sheet and confirms that our spacetime is just a sheet 
embedded in a more complex manifold. 



8 



IV. CONCLUSION 



In this paper, we have sketched a possible experimental consequence of the two-sheeted spacetime introduced in 
Refs. [H and [3. Ps decay was just considered here as an illustration of the model but more complex situations 
can be easily envisaged. It has been demonstrated that invisible decay of Ps should occur in presence of a constant 
irrotational magnetic vector potential. As described, the invisible decay occurs through particle oscillations between 
two distinct spacetime sheets. A simple experimental setup designed to produce such oscillations has been suggested. 
The predictions of the model could be relevant for research teams aiming at demonstrating abnormal Ps behavior not 
accommodated by the standard model. 
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